We give a sufficient condition under which an applied rotation on medium particles stabilizes a slow probe in the rotation center. The symmetric part of the stiffness matrix thus gets a positive Lamb shift with respect to equilibrium. For illustration we take diffusive medium particles with a self-potential in the shape of a Mexican hat, high around the origin. There is a short-range attraction between the medium particles and the heavier probe, all immersed in an equilibrium thermal bath. For no or small rotation force on the medium particles, the origin is an unstable fixed point for the probe and the precise shape of the self-potential at large distances from the origin is irrelevant for the statistical force there. Above a certain rotation threshold, while the medium particles are still repelled from the origin, the probe stabilizes there and more details of the medium-density at large distance start to matter. The effect is robust around the quasi-static limit with rotation threshold only weakly depending on the temperature but the stabilization gets stronger at lower temperatures.
We give a sufficient condition under which an applied rotation on medium particles stabilizes a slow probe in the rotation center. The symmetric part of the stiffness matrix thus gets a positive Lamb shift with respect to equilibrium. For illustration we take diffusive medium particles with a self-potential in the shape of a Mexican hat, high around the origin. There is a short-range attraction between the medium particles and the heavier probe, all immersed in an equilibrium thermal bath. For no or small rotation force on the medium particles, the origin is an unstable fixed point for the probe and the precise shape of the self-potential at large distances from the origin is irrelevant for the statistical force there. Above a certain rotation threshold, while the medium particles are still repelled from the origin, the probe stabilizes there and more details of the medium-density at large distance start to matter. The effect is robust around the quasi-static limit with rotation threshold only weakly depending on the temperature but the stabilization gets stronger at lower temperatures.
Stabilizing an otherwise unstable configuration or phase by external action is an important challenge for a range of applications but also for the physical understanding of spatio-temporal patterns induced by nonequilibrium effects. Many examples exist for dynamical systems where by using feedback mechanisms one achieves the necessary control or steering. Other examples such as the Kapitza (inverted) pendulum which is stabilized by a time-dependent external force do not require feedback [1, 2] . A further step would be to eliminate the timedependence and to use the steady nonequilibrium character of a medium to achieve such a stabilization, possibly leading to robust time-independent control strategies. The fact that the medium is quasi-stationary is relevant for the occurrence of stable structures in living matter [3] , or also in collective Hamiltonian dynamics [4] .
In the context of statistical forces, one aims at understanding the action of an ensemble of particles on some collective coordinate or probe. Such a force can be derived consistently in equilibrium statistical mechanics as the derivative of a free energy. In the present letter we study the statistical force from a nonequilibrium medium on a slow probe. While it can be viewed as an application of the formalism that has been introduced in refs. [5, 6] , we concentrate here on driving-induced stabilization of a fixed point for the probe's dynamics. We consider a two-dimensional set-up with overdamped particles being driven by a solenoid flow and connected to a slow probe. The stabilization of the probe at the rotation center is described by positive changes in the stiffness matrix. In fact the symmetric part of the stiffness matrix is given in terms of a covariance between excess work functions. That excess work involves the nonequilibrium density globally and not only at the location of the probe, which signifies long range effects on the nature of the stabilization.
We illustrate the theory with the example of driven particles confined by a Mexican-hat like potential. The origin is a fixed point for the probe but for attractive interaction with the medium is unstable in equilibrium; it acquires stability when increasing the rotational driving beyond a threshold value. It is important to note here that the medium's radial density-profile is almost not affected by the rotation.
Using numerical simulations, we also investigate more quantitative issues and how the phenomenon remains present beyond the (theoretical) quasi-static limit. We also find that the phenomenon is robust with respect to changes in the driving (differential rotation) and we investigate the temperature-dependence of the effective spring constant.
We start by giving the general coupled dynamics of medium and probe that enables to ask for statistical forces and their corresponding stiffness matrix in the limit of a quasi-static probe. We then state our main sufficient condition and result on the positivity of the (nonequilibrium) Lamb shift, i.e., on the stabilizing effect of the nonequilibrium driving. Because of long-range effects, linearization of the medium dynamics is not allowed in the nonequilibrium regime to reproduce the stiffness of the statistical force on the probe. We present a specific illustration for a medium in a Mexican hat-like landscape, which also allows to explore the stabilization numerically beyond the quasi-static regime.
I. COUPLED DYNAMICS, STATISTICAL FORCE AND STIFFNESS
We consider a two-dimensional system in which N driven particles and a probe move in a thermal environment at temperature T , idealized here by using an overdamped Langevin dynamics. We refer to the driven particles at positions y i as the medium, which are mutually noninteracting and subject to a sufficiently confining potential V (y). Each interacts with the probe via the potential U I (|x − y|) depending on the distance to the probe at position x. We write U (x, y) = V (y) + U I (|x − y|) for the total potential. Furthermore, each of the medium particles is subject to a solenoidal driving force F (y). The arXiv:1604.00798v1 [cond-mat.stat-mech] 4 Apr 2016 mobility for the medium particles is denoted by χ > 0 and the damping coefficient for the probe is γ > 0, so that the joint dynamics becomes, for i = 1, . . . , N ,
(1)
all smoothly depending on the positions and under free boundary conditions at infinity. The ξ i t , ξ t are independent standard white noises. Later for convenient simulation we add also a self-potential V p on the probe. We assume that the origin is a special point of symmetry, in the sense that when x = 0 (probe at the origin) the force F is always orthogonal to the force ∇ y U (x = 0, y i ) on the medium particles. An example is provided by particles in a rotation symmetric selfpotential V (y i ) = V (|y i |) which are driven by a rotational driving force F having only an angular (and no radial) component around the origin.
The quasi-static regime for the probe is reached when the medium has a very small relaxation time compared to the probe, or γχ → ∞. (Below we also explore the joint dynamics when the time-scale separation between (fast) medium and (slow) probe is not infinite.) The main object of study is then the statistical force
where we average over the stationary medium density ρ x (y) for a single driven particle. We also write U x (y) = U (x, y) and · x is the expectation over ρ x . We always have the origin to be a fixed point in the sense that the statistical force f (x = 0) = 0 vanishes there. The statistical force has of course various components f = (f k ) depending on the decomposition in orthogonal coordinates.
To investigate the stability of the probe near the origin, we introduce the stiffness matrix; see the beginning of the Appendix. The stiffness at x = 0 is defined by the matrix
where we employ the notation ∂ j u 0 = (∂u x /∂x j )| x=0 ; analogously for ∂ j u 0 0 or ∂ j ∂ k u 0 . A sufficient condition for local stability [7] is the positivity of the stiffness matrix (4), which however only depends on its symmetric part. The main subject of the paper is to understand how for the probe the origin stiffens under nonequilibrium.
Under equilibrium, for F = 0, the statistical force derives from the free energy F(x) = −T N ∇ x log Z x , where the partition function Z x is, as ever,
which is automatically symmetric (Maxwell relations), but can be negative in which case the probe is not stable at the origin.
When we are away from the quasi-static regime, we can still look at the total force on the probe in the joint (medium plus probe) steady ensemble. We then consider the conditional expectation
which in the quasi-static limit or in equilibrium coincides with (3), g(x) = f (x); not otherwise however. Note that in nonequilibrium there is no reason for the force f to be derived from the effective potential V eff (X) = −T log δ(x − X) .
II. NONEQUILIBRIUM LAMB SHIFT IN THE QUASI-STATIC LIMIT
The stiffness (4) at x = 0 equals
so that we need the response of the stationary distribution ρ x → ρ x+dx under a change in probe position at x = 0. That can be obtained from the linear response theory around steady nonequilibrium as in ref. [8] . The resulting response formula has first a traditional (Kubolike) entropic part which reproduces the equilibrium form (5) and the second contribution is frenetic and depends on more kinetic details. To be more specific we consider identical medium particles undergoing the overdamped diffusion (1) which we write here with χ = 1,
We take the potential and driving field
for given radial force profile ω(r). The backward generator of that driven diffusion equals
with, using polar coordinates, Ω = F · ∇ = εω(r) ∂ ∂ϕ . We easily check the orthogonality relation
under which we derive in the Appendix the response formula
. Note that the driving ε does not at all have to be small as we have not been doing perturbation in F but in x.
By substituting (12) into (7), and with the covariance notation u; v = uv − u v , we have
Equation (13) is a 'general' formula for the stiffness under the orthogonality condition (11) . The second line of (13) constitutes the frenetic contribution and in general cannot be interpreted in terms of an effective temperature where we would modify the second term via β → β eff . As we will indicate next, that formula can be rewritten and made useful for numerical exploration, and secondly, allows for a direct mathematical proof of the positivity of the Lamb shift under some further dynamical condition. We start with a rewriting. By rotation symmetry the most general form of the stiffness matrix (4) for the probe around x = 0 is
At equilibrium a eq = 0, and
When ε > 0 and for angular rotation ω(r) there is a Lamb shift m = m eq + ∆m, where ∆m can be obtained from formula (13). We show in the Appendix that it can be expressed as
where Ψ(r) solves the differential equation
which allows direct numerical evaluation. For example, the stiffness is plotted in Fig. 1 for various rotation profiles and for the choice of potentials 
The differential equation (17) is solved with the routine NDSolve of Mathematica. The density of the medium is fixed at the boundary of the system asρ(R) = 1. Note that the Lamb shift is always positive and that there are no dramatic differences between the types of rotation, including the case ω(r) = 1/ √ r. Secondly, the formula (13) allows a mathematical proof of the positivity of the nonequilibrium Lamb shift for ω(r) = 1. In that case, Ω simplifies toΩ = ε∂ ϕ and the system enjoys the invariance (see (24) 
Substituting into (13), the symmetric part of the stiffness matrix, M (s)
Or, its nonequilibrium 'Lamb shift' is a positive matrix, symmetric with respect to the driving reversal. The condition (20) is a general sufficient condition leading to (21) and to improved stability for dynamics like (1) . Observe that the shift can be interpreted in terms of an excess work because
is the gradient at x = 0 of the mean instantaneous power w x = F · (F − ∇U x ) of the driving force. We see that (21) takes the covariance of the time integrals
Alternatively, in (27) we give the analogue of (16). Note that the forcing F (y) = ε rê ϕ makes a purely rotational field in the sense that its LiouvillianΩ = ε ∂ ∂ϕ generates rotations around the origin which obviously leave the potential U 0 (y) = U (x = 0, y) invariant, does not imply that the medium satisfies Gibbs rotational ensemble; there is no imposed angular momentum or rigid rotation of a container.
A linear example consists of rotation-symmetric quadratic potentials V (r) = κr 2 /2, U I (r) = λr 2 /2 (κ + λ > 0) for which the equilibrium stiffness (15) is m eq = λκ/(κ + λ). Equation (17) for ω = 1 has the solution Ψ(r) = λ r/(κ + λ − iε) so that the Lamb shift becomes
in accord with the results in ref. [6] . For 0 > κ > −λ there exists the threshold ε * = −κ(κ + λ) such that m < 0 (instability) for |ε| < ε * whereas m > 0 (stability) for |ε| > ε * . We could have thought that linearizing our model would also yield the same stabilization behavior. However, linearization does not yield the correct statistical force outside equilibrium. Even for local interactions U I we can expect a rather strong dependence in the Lamb shift on the medium density far away from the origin. The reason is that L −1 0 , just like the Green function of the Laplacian, generally has logarithmic (in two dimensions) or algebraic (in three dimensions) asymptotics. To make that point clear we give in Fig. 2 (a) 
for rotation force ω(r) = 1 and for interaction potential
with a cut-off at |x − y| = σ. The change in stiffness is related to a feature of the potential that is located at a radius of r b = 4; the nonlocal dependence of the Lamb shift on far-away features implies that the linearization of the medium dynamics does not produce the correct Lamb shift.
To obtain the stiffness of the probe for nonlinear media, we need direct numerical simulations of Eq. (1) with a fixed x (with the stochastic Runge-Kutta algorithm [9] ). The force on the probe is obtained as the average over the stationary regime for a single bath particle. As a further example we give the temperature dependence on the stiffness in Fig. 2 (b) . We see that the dependence on temperature T is to have greater stability for larger ε when T is smaller, but the threshold value varies little with T . 
III. BEYOND THE QUASI-STATIC LIMIT
We return to the coupled system of equations (1)- (2). The medium particles are confined in a disk by a kind of Mexican hat potential (22) of outer radius σ w and with an origin of size σ 0 . As we are interested in studying the stability of the origin, the probe is also confined to avoid trajectories in which the probe exits the bath region with a self-potential
The interaction potential remains the attractive quartic potential of (23). The driving is via rotation field F (y) = ε|y|ê ϕ . We now turn to situations where γχ is finite with full simulations of Eqs. (1)- (2) with the stochastic RungeKutta algorithm [9] . The parameters are given in table I. A direct comparison between quasi-static and full simulations, for the radial force on the probe, is shown in Fig. 3 (a) where good agreement is found. The results for the full simulations show more fluctuations, related to the sampling when the probe is moving, with lower radii being most affected. The stiffness dependence, shown in Fig. 3 (b) confirms the agreement with our quasi-static results. Increasing the probe mobility, we can observe that the behaviour of the stiffness changes and deviates from the quasi-static result, for increased values of the driving ε. In equilibrium, i.e., for ε = 0, we expect no deviation at all, as observed.
As the probe now moves around, we get access also to the radial density. In Fig. 4 (a) we observe a dip for ε = 0 that is typical to an unstable fixed point. Increasing ε leads to a transformation of this dip into a flat density (for near zero stiffness) and then a local excess of density (for a stiff origin). There is no concurrent change in the local radial density of bath particles ρ(r); ρ(r) is displayed in Fig. 4 (b) , the nonequilibrium driving does not change its shape. 
IV. CONCLUSION
In a nonequilibrium environment different shapes, phases or configurations can become more stable than in equilibrium. A systematic treatment uses response theory to check the linear stability around fixed points. That has been illustrated here, both mathematically and via numerical simulation, to evaluate the nonequilibrium Lamb shift and stiffness of a slow probe in short range interaction with driven medium particles. There is a simple sufficient condition for increased stability in terms of the invariance of the equilibrium dynamics under the driving flow, but our examples showed great robustness of that result beyond the quasi-static limit and for all types of differential rotation. We have not found a simple heuristics explaining those results; approaches via effective temperature or radial density-profile changes in the driven medium do not appear to work. At any rate, the Lamb shift in the effective spring constant is second order in the nonequilibrium driving and thus the effect falls outside equilibrium-like energy-entropy considerations. a. Stability The most general notion of stability requires lim t→∞ x t = 0 for all x 0 = x. That asymptotic stability is equivalent to the strict positivity of the real parts of all eigenvalues of M (⇒ strict contractivity of the semigroup e −M t ). It suffices in general to have a simple Lyapunov function. (See, e.g., Theorem 3.6 in ref. [7] .) The simplest candidate for a Lyapunov function is λ(x) = |x| 2 . If the induced probe dynamics is overdamped, γẋ t = f (x t ) with some friction γ > 0 and linear approximation b. Proof of response formula (12) The case x = 0 is a particularly convenient reference for perturbation expansions. The point is that ρ 0 equals the equilibrium distribution ρ 0 ∝ exp[−βU 0 (r)] for all ε because we have assumed that the self-potential is purely radial and therefore ρ 0 is also invariant for Ω = εω(r) ∂ ϕ . Differentiate L x u x = 0 at x = 0 and use the simplified notation ∂ j = ∂/∂x j and ∂ j u 0 = (∂u x /∂x j )| x=0 : for all functions u, 
and we want to find h(y) = (h 1 (y), h 2 (y)) with h 0 = 0 so that (L eq 0 + ωΩ)h = −εU I (sin ϕ, − cos ϕ). Going to complex notation, we write h(y) = Ψ(r)e iϕ and note that for any Φ = Φ(r), 
giving an alternative to (21).
